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' Abstract. Let C = C+ © C— be a finite dimensional color Lie superalgebra over 

^ , a field of characteristic with universal enveloping algebra U{C). We show that 

gldim(C/(£+)) = lFPD(C/(£)) = rFPD([/(£)) = mi&ym u{c) {U{£)) = dim(£+). 
We also prove that U(C) is Auslander-Gorenstein and Cohen-Macaulay and thus 
that it has a QF classical quotient ring. 



1. Introduction 

Color Lie superalgebras are graded over an Abelian group G and generalize Lie super- 
algebras. Background information on Lie superalgebras and color Lie superalgebras can 
be found in [Jj and p3 and and ^1], respectively. We will show, in a forthcoming 
paper > that the ideal structure of the enveloping algebra of a color Lie superalgebra 
' can be very different from enveloping algebras of Lie superalgebras. By contrast, the 
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results of this note illustrate that certain homological properties are the same. Our 



fN| ' main strategy is to pass to the case where the grading group G is finitely generated, 

o 



so that the color Lie superalgebra is determined by a Lie superalgebra and a 2-cocycle 
. defined on 67. 

In §2 we define color Lie superalgebras and state a theorem due to Scheunert (see |14| ). 
In §3 we calculate the finitistic and injective dimensions of the enveloping algebra of a 
finite dimensional color Lie superalgebra over a field of characteristic 0. The enveloping 
algebra of a finite dimensional color Lie superalgebra may have infinite global dimension 
(this is known for ordinary Lie superalgebras, see Proposition 5]). However, for a 

■ finite dimensional color Lie superalgebra C which is positively graded, i.e. C = C+, we 

■ prove that, in analogy with the nongraded case, gldim£/(£) = dim£. In particular, 
theorem 13. II generalizes 8, Proposition 2.3]. 

In theorem 13. 21 we show that the enveloping algebra U (£) of a color Lie superalgebra 
is Auslander-Gorenstein and Cohen-Macaulay. It thus follows from Theorem 1.4] 
that U(C) has a (right and left) quasi-Frobenius (QF) classical quotient ring. 



2. Color Lie Superalgebras 

Throughout k denotes a field of characteristic ^ 2, G denotes an Abelian group, 
and all algebras are associative A:-algebras with 1. We call a map 7 : G x G — > k x 
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(fc x = fc\{0}) a skew- symmetric bicharacter on G if it satisfies 

(1) gh) = 7(/, 3)7(7, h) and 7(3/1, /) = 7(3, /) 7 (/i, /) for any f,g,h£ G. 

(2) 7(5, h)f(h, 3) = 1 for any g,heG. 

Note that (2) implies that 7(3,3) = ±1 for any 3 £ G. Set G± — {3 G G : 7(3,3) = 
±1}, then G+ is a subgroup of G and [G : G+] < 2. In [141 Lemma 2] it is shown 
that if G is finitely generated then the skew-symmetric bicharacters on G are completely 
determined by the 2-cocycles on G with coefficients in k x . 

Generally, we shall be discussing objects which are graded over G so let G-vec denote 
the category of G-graded vector spaces and graded linear maps. For any V € G-vec, 
set dx = g if ^ x G V g . Let 7 be a skew-symmetric bicharacter on G. We will 
shorten our notation by writing 7(2;, y) instead of j(dx, dy) for homogeneous 7^ x € V, 
y G W and V, W G G-vec. Note that G-vec is naturally contained in Z2-vec via 
the decomposition G = G+UG_ and the group homomorphism 7r : G — > 1i given by 
tt(G+) = and vr(G_) = 1. 

Definition. A (G,~/)-color Lie superalgebra is a Lie algebra a pair (£, (, )) such that 
C G G-vec and (, ) : C £ — > £ is a graded bilinear map which satisfies the following 
for any homogeneous x,y, z G C. 

7 -skew- symmetry {x,y) = —j(x,y)(y,x) 

-y-Jacobi identity 7(2, x), (x, (y, z)) + j(y, z), (z, (x, y)) + j(x, y), (y, (z, x)) = 

Example. (1) A Lie superalgebra is a (Z2, x)-color Lie superalgebra where x{hj) = 
(-1)« for any i,j G Z. 

(2) If A is a G-graded algebra then there is a color Lie superalgebra structure A~ 
defined on A subject to the condition that (a, b) = 06 — 7(0, b)ba for any nonzero 
homogeneous a, b G A. 

We shall now describe how to construct color Lie superalgebras from Lie superal- 
gebras as in |14| . In as much as Lie superalgebras are Z2-graded, we must consider 
G-gradings on Lie superalgebras which respect the Z2-grading. 

Definition. A Lie superalgebra (L, [,]), L = io©^Ii is G-graded if L = (§) ge QL g: 
[Lf, L g ] C Lfg for any /, 3 G G, and Lh G Lq or Lh C Lj for each h G G. 

Starting with a Lie superalgebra L there are many choices of groups G and G- 
gradings on L. Let G(L) be the smallest subgroup of G which grades L, that is, G(L) 
is generated by {3 G G : i 9 ^ 0}. We cannot always pass to the case that G = G{L) 
since, for example, there are G-graded representations of L which are not G(L)-graded. 

Let G {L) + be the subgroup of G(L) which is generated by {3 G G : U{L) g G U(L)q}. 
Then [G(L) : G{L)+] < 2. Set G{L)_ = G(L)\G(L) + ; then the pair (£,[,]) is a 
(G (L) , 7 )-color Lie superalgebra where j is the skew-symmetric bicharacter on G (L) 
defined below. 



To continue our construction of a color Lie superalgebra from a Lie superalgebra, we 
need the notion of a 2-cocycle. 
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Definition. A 2-cocycle on G is a map a : G x G — » fc x which satisfies 

o"(/j gh)cr{g, h) = a(f, g)a(fg, h) 

for any f,g,h& G. 

If cr is a 2-cocycle on G then there is a skew-symmetric bicharacter 7 defined on 
G (L) by 7(5, h) — 7 (g, h)a(g, h)a(h, g)^ 1 for any g,h E G (L). Moreover, there is a 
(G (L) , 7)-color Lie superalgebra (L a , [, ] CT ) which has the same vector space structure 
as L but bracket : L a x L a — > L CT defined subject to the condition that [x,y] cr = 
cr(dx, dy) [x, y] for any homogeneous 2;, y G i. 

By setting / = h — e in Definition [3 (where e is the identity element of G) we obtain 
cr(e, e) = o(g 1 e) = o(e,g) for any g G G. Note that there is no loss in generality by 
assuming that er(e, e) = 1 since we can replace a with cr', where a' = cr(e,e) _1 (j and 
have L a = L CT as (G (L) , 7)-color Lie superalgebras. 

Theorem 12.11 summarizes the results from |14] we are interested in. For the reader's 
convenience we will go over some basic definitions. 

Definition. Let (£, (,)) be a (G,^) -color Lie superalgebra. 

(1) A linear map c/> : C\ — > £2 between (G, 7)-color Lie superalgebras {C\,{, )i) 
and (£2,(7)2) is called a homomorphism if 4>{{x,y)i) — (4>(x),4>(y)}2 for any 

(2) A G-graded representation of £ is a pair (V, p) where V G G-vec and p : 
£ — > Endk{V)~ is a homomorphism of color Lie superalgebras (Endk(V) is a 
G-graded algebra since V G G-vec). 

(3) For any G-graded algebra A, a graded map <f> : £ — > is called compatible if 
it is homomorphism of (G,7)-color Lie superalgebras. 

(4) The universal enveloping algebra of £ is a G-graded algebra U (£) and a compat- 
ible map l '. £ — > [/(£) which satisfies the property that for any compatible map 
4> : £ — > A there is a unique (graded) algebra homomorphism $ : U(£) — > A 
such that <!> o t = 0. 

Theorem 2.1 (Scheunert). ie< C be a (G,~f)-color Lie superalgebra and L and L a as 
above. 

(1) If G is finitely generated, then any color Lie superalgebra can be obtained as an 
L a for appropriately chosen L and 2-cocycle a. 

(2) The enveloping algebra U(L a ) is obtained from U(L) by defining a new multi- 
plication * on U subject to the condition that for any homogeneous 1,56 U(L) 
we have x * y — a(dx, dy)xy. 

(3) For a graded representation p : L — > Endk(V) of L, there is a graded representa- 
tion p a : L a — > Endk (V) of L a which is obtained from p subject to the condition 
that for any homogeneous x G L a and v G V, p' J (x)(v) = a(dx,dv)p(x)(v). 
This defines a category equivalence between the categories of graded representa- 
tions of L and L a . 

We are particularly interested in parts (2) and (3) of theorem 12 .11 More generally, 
consider an arbitrary G-graded algebra 1Z and left 7\L-modules V and W. An 7£-module 
homomorphism cj) : V — ► W is called graded if 4>{Vh) Q Wh for each h G G. Let 
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rM. denote the category whose objects are G-graded left ^-modules and morphisms 
are all graded 1Z- module homomorphisms from V to W, denoted HOM^(V, W), where 
V, W E R M g . In particular, k M G — G-vec. 

Lemma 2.2. Let a be a 2-cocycle on G and R a G-graded k-algebra. 

(1) There is a G-graded k-algebra R 7 with the same vector space structure as R and 
whose multiplication * is obtained from the multiplication of R subject to the 
condition r * s = a(dr, ds)rs for any homogeneous r, s G R. 

(2) For any M Er M. g there corresponds M a Er° M. g such that M a has the same 
vector space structure as M but the R a -module structure . is obtained from the 
R-module structure of M subject to the condition r.m = o~(dr, dm)rm for any 
homogeneous rgfi and m G M . 

(3) The functor a :r Ai G —>R" Ai G defined as in (2) is a category equivalence. 
In particular, HOM R (V, W) = HOM R „ {V 7 , W a ). Moreover, if V Er M g is 
graded free, then so is V a Grd Ai G . 

(4) For any V, W Er M g and cp G HOM R (V,W) we have ker(> CT ) = (ker^ = 
ker(f> and im(0 cr ) = (im^) " = imc/i. 

Proof. It is easy to prove (l)-(3) directly. For (4), first note that ker^, im (j>, ker(4> a ) and 
im(0 CT ) are G-graded submodulcs. For any homogeneous x G V we have x G ker(</> CT ) 
x E ker(0) x G (ker <t>Y . This proves that ker(^ CT ) = (kerc/))' 7 — ker cf>. The proof 
that im(0 cr ) = {m\<j)) c ' = \m.(j> is similar. | 

3. HOMOLOGICAL PROPERTIES OF U(C) 

Throughout this section, 7 is a skew-symmetric bicharacter on G and G+={g G G : 7 (g, g) = ±1}. 
For any V G G-vec, set V± = ® geG± V g . If V = V+ (respectively V = V-) then V is 
called positively (respectively negatively) graded. We shall be primarily interested in 
the case where C is an Abelian color Lie superalgebra. If £ is a positively graded, finite 
dimensional and Abelian (G,7)-color Lie superalgebra, then U(C) = k~<[8 1 ,6 2 , ■ ■ ■ ,0 n ], 
the color polynomial ring mn = dim£ variables (see pQ). If C is a negatively graded, 
finite dimensional and Abelian (G, 7)-color Lie superalgebra, then U(C) = A 7 (£), the 
color exterior algebra (or color Grassmann algebra) of C (see pQ). 
Example. 

(1) Choose q G fc x . Let 7 be the skew-symmetric bicharacter on G = 1? defined 
by j(g,h) = gfli^-mfci for any g = ( 9l ,g 2 ), h = {hx,h 2 ) G G. Then G = 
G+. Consider the Abelian (G, 7)-color Lie superalgebra with homogeneous 
basis {x, y} such that dx = (1, 0) and dy — (0, 1). Then C is positively graded 
and U(C) = k[x,y : xy = qyx], the so-called quantum plane. 

(2) Choose ^ q E k x . Let 7 be the skew-symmetric bicharacter on G = Z 2 defined 
by l(9, h) = (-l)9ih 1+g2 h 2qgi h 2 - g2hl for any g = (ffi)fla)] h = (/li)/l2) g q 

Then G+ = {(i,j) G G : i + j G 2Z} and G_ = E G : i + j - 1 e 

2Z}. Consider the Abelian (G,7)-color Lie superalgebra with homogeneous 
basis {x, y} such that 9a; = (1, 0) and dy — (0, 1). Then C is negatively graded 
and U(C) = k[x,y : xy — qyx]/ 1, where / is the ideal generated by {x 2 ,y 2 }. 
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If V, W E G-vec then the tensor product V (§) W E G-vec has grading defined 
by (V <g> W) g = ®heG(Vh ® W gh -i). For G-graded algebras A and B there is a 7- 
graded tensor product A®^B with multiplication defined subject to the condition that 
(a®b)(a'(£)b') = 7(6, a')aa'®bb' for any nonzero homogeneous a, a' e A and b,b' E B. 
The 7-graded tensor product is essential to the study of enveloping algebras of color Lie 
superalgebras. For example, the enveloping algebra of a color Lie superalgebra is not a 
Hopf algebra in the usual sense; it is only a Hopf algebra with respect to the 7-graded 
tensor product (see §3.2.9] for details). 

For any Noetherian ring R, the left (respectively right) finitistic dimension of R, de- 
noted 1FPD (R) (respectively rFPD (R)), is the supremum of the projective dimensions 
of left (respectively right) i?-modules of finite projective dimension. The following the- 
orem generalizes jSJ Proposition 2.3]. As in |S| and [5], we assume that charfc = in 
all that follows. 

Theorem 3.1. Let £ — £+ © £_ be a finite dimensional color Lie superalgebra. Then 
gldim(f7(£+)) = lFPD(t/(£)) = rFPD(J7(£)) = injdim^) {U(C)) = dim(£+). 

Proof. Let U = U(C) denote the universal enveloping algebra of £ and set n = dim(£ + ). 
We first show that 1FPD([7) = rFPD(J7)) = injdim [/ (t7) = n> gldim(t/(£+)). Then 
we show that gldim([/(£ + )) > n, that is, there exists a [/(£+)-module with projective 
dimension at least n. As in the case of ordinary Lie algebras, the existence of such a 
module will be demonstrated using the Chevalley-Eilenberg complex (see Chapter 7 of 
["US] for background). 

1) With respect to the standard filtration, gr (U) is Noetherian. 

The filtration is defined by U^ 1 = {0}, U° = k and, for m > 0, U m is spanned by all 
monomials of length < m. By ^ Proposition III. 2. 8] U is Noetherian and the associated 
graded algebra gr (U) is isomorphic to fc 7 [#i, 9 2 , ■ ■ ■ , 6*„]®A 7 (£_), where A 7 (£_) is the 
color exterior algebra determined by the vector space £_ with an Abelian color Lie super 
algebra structure. Thus gr (U) is an iterated Ore extension of A = A 7 (£_) without 
derivations, that is, gr (U) = A.[d%; age 1 ][62', otoe?] ' " [^ni a d6 n ]- Therefore, gr (U) is 
Noetherian by [IT, Theorem 1.2.10]. 

2) injdinijy U < injdim^/jn gr (U) — n and gldimL7(£+) < gldim gr(U(£+)) = n 

Since U m = when m < 0, the filtration {U m } satisfies the closure condition of 
§1.2.11]. Therefore, we may apply |3J Theorem 1.3.12] to obtain injdim^ U < 
injdimg,.^) gr (U). Moreover, gldim {/(£+) < gldim gr(U(£+)) by m 7.6.18]. For any 
ring R and automorphism a of R, one can show that gldim(i?[t; a]) — gldim(i?) + 1 and 
injdimjj^.^j (R[t; a]) = injdim fi (i?) + 1 by similar methods to the proofs in the case that 
a is the identity on R. Since gr(U(£ + ) = fc 7 [#i, 62, ■ ■ ■ , n ] we have gldim gr(U(£ + )) = 
n = dim£ + . By jSJ Corollary 6.3] A is a Frobenius algebra; hence injdim^jy-, gr(U) = 
n = dim £ + as gr(U) = A 7 [6% , 62 , . . . , 6 n ] ■ 

3) 1FPD(J7) = rFPD(J7)) = injdim a (C/) > gldim (?/(£+)) 

Since gldim U(C+) is finite and U is free over [/(£+) on both sides, we may apply 
gl Theorem 1.4] to obtain gldim U(C+) < 1FPD U. By Proposition 2.1] we have 
injdimy U = 1FPD(J7) = rFPD(J7). 
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The rest of the proof is dedicated to showing that if C is a positively graded finite- 
dimensional {G,^f)-color Lie superalgebra then n — dim£ < gldim U(C) . 

4) Pass to the case that C = L a for some Lie algebra L. 

The modules we will consider are graded over the subgroup G(C) of G generated by 
{j £ G : £ 9 / 0}. Therefore, we can pass to the case that G is finitely generated by 
assuming that G — G(C). By theorem 12. If 1), there is a G-graded Lie algebra L with 
bracket [, ] and a 2-cocycle a on G such that £ = L a . 

5) The Chevalley-Eilenberg complex V*(L)^*k is a complex in u(L)M G . 

We must show that V*(L)-^>fc is a graded complex, i.e., the modules are graded and 
all differentiations are graded maps. Let AL denote the exterior algebra of L and 
A l L denote the i th exterior algebra of L. Then AL = ©" =1 A l L can be G-graded 
so that the homogeneous component of degree g € G is (AL) g = ^"=1(^-^)3 an d 
(A l L) g = Yl gi g 2 — gi =g L gi A L 92 A • • • A L gi where the sum is indexed by all appropriate 
51,52, ...,gi€G. 

We have V%{L) = U{L) 0fc A % L which is a graded free left J7(L)-module such that 
Vi(L) g = 'Ylih^ciU (L) h ) (A l L) hg -i so we only need to check that the augmentation 
map e : Vo(L) — > k is graded and, for 1 < i < n, d{ : Vi(L) — > Vi-x(L) is graded. 
The augmentation map e : Vq(L) = U (L) — > k is graded since it is induced from 
the Lie algebra map L — > fc which sends everything to zero, a graded map. It is 
also easy to see that d : V\(L) — > Vb(L) is graded since it is just the product map 
u® x 1 — ► ux. For 1 < i < n, the map di : Vi(L) — > V^_i(L) is defined by the formula 
di(u <E) xi A X2 A • • • A Xj) = 6\ + 62 where 0\ and 62 are defined below. 



Therefore di is graded since if u, x\, X2, ■ ■ ■ , x% are homogeneous elements then u ® x\ A 
X2 A • • • A Xi, 0i and 8 2 are all homogeneous of the same degree. 

6) The Chevalley-Eilenberg complex V*(£)-^fc is a complex in uM. . 

By parts (2), (3) and (4) of Lemma 12.21 there is a projective resolution V^(£) of 
k = k a over U(C) such that V i (C) = V l (L) a '. For 1 < i < n the module V l {L) is a 
graded free [/(L)-module hence the module V l {L) a is a graded free J7(i°')-module by 
Lemma E2J3). 

7) gldim U(C) > n 

As in Exercise 7.7.2], there is a graded representation p : L Endk{A n L) 
defined as below for 7^ y G L and x-y, X2, ■ ■ • , x n a (homogeneous) basis of L. 



Let M — A n L be the (graded) U (L)-modu\e defined by the above action. Then 
according to (THj, ExtJWs (k, M) = ker(rf*)/im(d*_ 1 ) = k. By parts (2) and (4) 
of Lemma 12.21 and 6) above, we have kerd* = (kerd*) <T = ker(d*) <T and imc?*^ = 





n 




i=l 
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(imd;_ 1 ) ff = im(d I *_ 1 ) CT . This implies that 

Ext£(fc,M ff ) = (Ext" (i) (fc,Af)) ff = k 

therefore pdu(M a ) > n hence gldimC/ > n as desired. 
The result follows from 3) and 7) above. | 

Theorem 3.2. Let C be a finite dimensional color Lie superalgebra. Then U(C) is 
Auslander-Gorenstein and Cohen- Macaulay and thus has a quasi- Frobenius classical 
quotient ring. 

Proof. We have A is Auslander-Gorenstein and Cohen-Macaulay since A is a Frobenius 
algebra (see [§1 Corollary 6.3]). As gr(U(L)) is an iterated Ore extension of A where 
each iteration is of the form R[x;o-), it follows from |l()l Lemma (ii), p. 184] and 
Theorem 4.2] that gr(U(L)) is Auslander-Gorenstein and Cohen-Macaulay. We thus 
conclude that U(C) is Auslander-Gorenstein and Cohen-Macaulay by 3;, Theorem 1.4.1] 
and ^3 Lemma 4.4] (note that Theorem 13. II is needed so that injdim^^-) U(C) < oo). 
The last statement follows from [5J Theorem 1.4]. | 

Acknowledgements 

The author is indebted to Jim Kuzmanovich for many helpful conversations concern- 
ing this material. 

References 

[1] Yu. A. Bahturin, A. A. Mikhalev, V. M. Petrogradsky and M. V. Zaiciv, Infinite Dimensional Lie 
Superalgebras, DeGruyter, Berlin, 1992. 

[2] E. J. Behr, 'Enveloping Algebras of Lie Superalgebras', Pacific J. Math. 130 (1987), 9-25. 

[3] J-E Bjork, 'Filtered Noetherian Rings', in Noetherian Rings and Their Applications", Math. Sur- 
veys and Monographs, vol. 24, 58-97, Amer. Math. Soc., Providence, RI, 1987. 

[4] B. Cortzen, 'Finitistic Dimension of Ring Extensions', Comm. Algebra 10 (1982), 993-1001. 

[5] E. K. Ekstrom, 'The Auslander Condition on Graded and Filtered Noetherian Rings', in Sem. 
Dubreil-Malliavin, Lecture Notes in Math. 1404, Springer- Verlag (1989), 220-245. 

[6] D. Fischman, S. Montgomery and H.-J. Schneider, 'Frobenius Extensions of Subalgebras of Hopf 
Algebras', to appear in Trans. Amer. Math. Soc. 

[7] V. G. Kac, 'Lie Superalgebras', Adv. in Math. 26 (1977), 8-96. 

[8] E. Kirkman, J. Kuzmanovich and L. Small, 'Finitistic Dimensions of Noetherian Rings', Journal 

of Algebra 147(2) (1992), 350-364. 
[9] E. Kirkman and J. Kuzmanovich, 'Minimal Prime Ideals in Enveloping Algebras of Lie Superal- 
gebras', Proc. Amer. Math. Soc. 124(6), 1693-1702. 
[10] T. Levasseur and J. T. Stafford, 'The Quantum Coordinate Ring of the Special Linear Group', J. 

Pure Appl. Alg. 86 (1993), 181-186. 
[11] J. C. McConnell and J. C. Robson, Noncommutative Noetherian Rings, Wiley, Chichester, Eng- 
land, 1987. 

[12] K. L. Price, 'Primeness Criteria for Universal Enveloping Algebras of Lie Color Algebras', manu- 
script in preparation. 

[13] M. Scheunert, The Theory of Lie Superalgebras: An Introduction, Springer Lecture Notes in 
Mathematics (716), 1979. 

[14] M. Scheunert, 'Generalized Lie Algebras', J. Math. Phys. 20(4) (1979), 712-720. 

[15] J. T. Stafford and J. J. Zhang, 'Homological Properties of (Graded) Noetherian PI Rings', J. 
Algebra 168 (1994), 988-1026. 

[16] C. A. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Advanced Mathe- 
matics (38), Cambridge University Press, 1994. 



